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CROSSED PRODUCT BY ACTIONS OF FINITE GROUPS WITH THE
ROKHLIN PROPERTY
LUIS SANTIAGO
Abstract. We introduce and study a Rokhlin-type property for actions of finite groups on (not
necessarily unital) C*-algebras. We show that the corresponding crossed product C*-algebras can
be locally approximated by C*-algebras that are stably isomorphic to closed two-sided ideals of the
given algebra. We then use this result to prove that several classes of C*-algebras are closed under
crossed products by finite group actions with this Rokhlin property.
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1. Introduction
The Rokhlin property is a form of freeness for group actions on noncommutative C*-algebras. For
finite group actions on unital C*-algebras this property first appeared (under different names) in
[20] and [12] for actions of Zp on UHF-algebras, and in [15] for actions of finite groups on arbitrary
unital C*-algebras. Let us recall the definition of the Rokhlin property:
Definition 1. ([17, Definition 3.1]) Let A be a unital C*-algebra and let α : G → Aut(A) be
an action of a finite group G on A. The action α is said to have the Rokhlin property if there
exists a partition of unity (pg)g∈G ⊂ A∞ (see Subsection 2.1 for the definition of A∞) consisting of
projections such that
αg(ph) = pgh,
for all g, h ∈ G.
When A is separable this property can be reformulated in terms of finite subsets and projections
of A ([28, Definition 1.1]). The Rokhlin property is quite restrictive and is not useful if there is
no abundance of projections. For instance, if either the K0-group or the K1-group of the algebra
is isomorphic to Z then the algebra does not have any action of a finite group with the Rokhlin
porperty (this follows by [17, Theorem 3.13]). On the contrast, if a C*-algebra absorbs tensorially
the UHF-algebra of infinite type Mn∞ and G is a finite group of order n then the algebra has an
action of G with the Rokhlin property. In fact, in this case the actions of G with the Rokhlin
property are generic ([29, Theorem 5.17]).
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For C*-algebras that are not unital there are at least two Rokhlin-type properties. One of them
is called the multiplier Rokhlin property ([27, Definition 2.15]), and is defined using projections of
the multiplier algebra of the given C*-algebra. The other one, which is simply called the Rokhlin
property ([22, Definition 3.1]), is defined for σ-unital C*-algebras using projections in the central
sequence algebra of the given C*-algebra. In this paper we introduce a Rokhlin-type property
(Definition 2) which somehow resembles [28, Definition 1.1]. It is defined using positive elements
of the algebra instead of projections. This new Rokhlin-type property is essentially that of [22,
Definition 3.1] (they agree for separable C*-algebras), but it has the advantage that it can be defined
for general C*-algebras (not just for σ-unital ones). Actions with the multiplier Rokhlin property or
the Rokhlin property in the sense of [22, Definition 3.1] also have this new Rokhlin property. Also,
it can be seen that if the algebra is unital our definition agrees with the standard Rokhlin property
for unital C*-algebras. In this paper we also study the crossed product C*-algebras obtained by
actions of finite groups with the Rokhlin property on different classes of C*-algebras. Our main
motivation comes from the study of crossed products by finite group actions on stably projectionless
C*-algebras and our objective is to extend the results of [23] to non-unital C*-algebras. The problem
of classifying actions with the Rokhlin property will be considered in [13].
The paper is organized as follows. In Section 3 we define and study a Rokhlin-type property for
actions of finite groups on arbitrary C*-algebras. Section 4 is dedicated to show that the crossed
product C*-algebra by an action of a finite group on a C*-algebra with this Rokhlin property can
be locally approximated by matrix algebras over hereditary C*-subalgebras of the given C*-algebra
(Theorem 2). This result may be considered as a nonunital version of [23, Theorem 3.2]. In Section
5 we use this approximation result to show that several classes of C*-algebras are closed under
crossed products by finite group actions with the Rokhlin property (Theorem 3). These classes of
C*-algebras include purely infinite C*-algebras, C*-algebras of stable rank one, C*-algebras of real
rank zero, C*-algebras of finite nuclear dimension, separable D-stable C*-algebras, where D is a
strongly self-absorbing C*-algebra, simple C*-algebras, simple C*-algebras with strict comparison
of positive elements, simple stably projectionless C*-algebras, and C*-algebras that are stably
isomorphic to sequential direct limits of one-dimensional NCCW-complexes.
I would like to thank Eusebio Gardella for useful discussions concerning the subject matter of
this paper.
2. Preliminary definitions and results
2.1. Central sequence algebras. Let A be a C*-algebra. Let us denote by A∞ the quotient of
ℓ∞(N, A) by the ideal c0(N, A). That is,
A∞ := ℓ∞(N, A)/c0(N, A).
The elements of ℓ∞(N, A) will be written as sequences of elements of A. If (an)n ∈ ℓ∞(N, A) then
its image in the quotient A∞ will be denoted by [(an)n].
Let B be a C*-subalgebra of A. Then we will identify B with its image in A∞ by the embedding
a ∈ B 7−→ (a, a, · · · ) ∈ A∞.
Similarly, we will identify B∞∩B′ with the corresponding C*-subalgebra of A∞∩B′. Let us denote
by A∞ and Ann(B,A
∞) the C*-algebras
A∞ := A
∞ ∪A′, Ann(B,A∞) := {a ∈ A∞ ∩B′ : ab = 0, ∀b ∈ B}.
Then Ann(B,A∞) is a closed two-sided ideal of A∞ ∩ B′. Denote the corresponding quotient by
F(B,A) and the quotient map by π. We call F(A) := F(A,A) the central sequence algebra of A.
Note that if B is σ-unital then F(B,A) is unital. Let α : G→ Aut(A) be an action of a finite group
G on the C*-algebra A and let B be a G-invariant subalgebra of A. Then α induces natural actions
on A∞, A∞, F(A), and F(B,A). For simplicity we will denote all these actions again by α.
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Lemma 1. Let A be a C*-algebra and let α : G→ Aut(A) be an action of a finite group G on A.
Let J be a G-invariant ideal. Then J has a quasi-central approximate unit consisting of G-invariant
positive contractions.
Proof. By [24, Theorem 3.12.14] it is enough to show that J has a G-invariant approximate unit.
Let (ui)i∈I be an approximate unit for J . For each i ∈ I put vi = 1|G|
∑
g∈G αg(ui). Then it is clear
that ‖vi‖ ≤ 1 for all i ∈ I, vi ≤ vj for all i, j ∈ I with i ≤ j, and αg(vi) = vi for all i ∈ I and g ∈ G.
Let a ∈ J and let ǫ > 0. Then there exists i0 such that
‖uiαg−1(a)− αg−1(a)‖ < ǫ,
for all i ≥ i0 and g ∈ G. Now using that *-automorphisms are norm preserving we get
‖αg(ui)a− a‖ = ‖αg(uiαg−1(a)− αg−1(a))‖ = ‖uiαg−1(a)− αg−1(a)‖ < ǫ,
for all i ≥ i0 and g ∈ G. Hence, by the triangle inequality
‖via− a‖ ≤ 1|G|
∑
g∈G
‖αg(ui)a− a‖ < 1|G| (|G|ǫ) = ǫ,
for all i ≥ i0. This shows that (vi)i∈I is an approximate unit for J . 
Lemma 2. Let A be a C*-algebra, let α : G→ A be an action of a finite group G on A, and let B
be a σ-unital C*-subalgebra of A. Let F1 be a finite subset of A
∞ ∩B′, let F2 be a finite subset of
Ann(B,A∞), and let F3 be a finite subset of
{a ∈ A∞ : ab = b for all b ∈ B}.
Then there exists a positive contraction d in the fixed point algebra (B∞ ∩ B′)G (considered as a
subalgebra of (A∞ ∩B′)G) such that
db = b, ∀b ∈ B,
da = ad, ∀a ∈ F1,
da = 0, ∀a ∈ F2,
da = a, ∀a ∈ F3.
Proof. Let (un)n∈N ⊂ BG be a countable approximate unit for B (this approximate unit exists by
the previous lemma). Let F1, F2, and F3 be as in the statement of the lemma. Without loss of
generality we may assume that their cardinalities is the same and that their elements are positive.
Write
F1 = {a(i) = [(a(i)n )n] : 1 ≤ i ≤ m},
F2 = {b(i) = [(b(i)n )n] : 1 ≤ i ≤ m},
F3 = {c(i) = [(c(i)n )n] : 1 ≤ i ≤ m}.
Then for each j ∈ N there exists kj ∈ N such that
‖uja(i)n − a(i)n uj‖ <
1
j
, ‖ujb(i)n ‖ <
1
j
, ‖ujc(i)n − c(i)n ‖ <
1
j
,(1)
for n ≥ kj and 1 ≤ i ≤ m. Moreover, we may choose the sequence (kj)j∈N satisfying kj < kj+1 for
all j ∈ N. Define d = [(dn)n] ∈ B∞ ⊆ A∞ by
dn =
{
u1 for 1 ≤ n < k2
uj for kj+1 ≤ n < kj+2.
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Then d ∈ B∞∩B′ and db = b for all b ∈ B, since (un)n∈N is an approximate unit for B. In addition,
by the inequalities in (1) we have
da(i) = a(i), db(i) = 0, dc(i) = c(i),
for 1 ≤ i ≤ m. This concludes the proof of the lemma. 
2.2. The Cuntz semigroup. Let us briefly recall the definition of the Cuntz semigroup of a C*-
algebra. Let A be a C*-algebra and let a, b ∈ A be positive elements. We say that a is Cuntz
subequivalent to b, and denote this by a - b, if there exists a sequence (dn)n∈N ⊂ A such that
d∗nbdn → a as n → ∞. We say that a is Cuntz equivalent to b, and denote this by a ∼ b, if a - b
and b - a. It is easy to see that - is a preorder relation on A+ and that ∼ is an equivalence
relation. We denote the Cuntz equivalence class of an element a ∈ A+ by [a]. The Cuntz semigroup
of A, denoted by Cu(A), is the set of Cuntz equivalence classes of positive elements of A⊗K, where
K denotes the algebra of compact operators on a separable Hilbert space. The addition on Cu(A)
is given by [a] + [b] := [a′ + b′], where a′, b′ ∈ (A ⊗ K)+ are such that a ∼ a′, b ∼ b′, and a′b′ = 0.
The preorder relation - induces an order relation on Cu(A); that is, [a] ≤ [b] if a - b. We say that
[a] is compactly contained in [b], and denote this by [a] ≪ [b], if whenever [b] ≤ supn[bn], for some
increasing sequence ([bn])n∈N, one has [a] ≤ [bk] for some k. A sequence ([an])n∈N is said to be
rapidly increasing if [an]≪ [an+1] for all n. It was shown in [8] that Cu(A) is closed under taking
suprema of increasing sequences and that every element of Cu(A) is the supremum of a rapidly
increasing sequence. In particular, we have
[(a− ǫ)+]≪ [a], [a] = sup
ǫ>0
[(a− ǫ)+],
for all a ∈ (A⊗K)+ and all ǫ > 0. Here (a−ǫ)+ denotes the element obtained by evaluating—using
functional calculus—the continuous function f(t) = max(0, t − ǫ), with t ∈ (0,∞), at the element
a.
The following lemma states two well known result regarding Cuntz subequivalence. The first
statement was proved in [19, Lemma 2.2] in the case δ = 0 and in [32, Lemma 1] for an arbitrary
δ. The second statement was shown in [19, Lemma 2.3].
Lemma 3. Let A be a C*-algebra and let a, b ∈ A+. The following statements hold:
(i) If ‖a− b‖ < ǫ, then (a− (ǫ+ δ))+ - (b− δ)+ for all δ > 0;
(ii) If a - b then for every ǫ > 0 there exists δ > 0 such that (a− ǫ)+ - (b− δ)+.
We say that Cu(A) is almost unperforated if for any [a], [b] ∈ Cu(A) satisfying (n+ 1)[a] ≤ n[b],
for some n ∈ N, one has [a] ≤ [b]. Consider the set L(A) of all functionals λ : Cu(A)→ [0,∞] that
are additive, order-preserving, and that preserve suprema of increasing sequences. We say that a
simple C*-algebra A has strict comparison of positive elements if for [a], [b] ∈ Cu(A), λ([a]) < λ([b])
for all λ ∈ L(A) satisfying λ([b]) <∞, implies [a] ≤ [b]. The following is [39, Lemma 6.1].
Lemma 4. Let A be a simple C*-algebra. Then Cu(A) is almost unperforated if and only if A has
strict comparison of positive elements.
Lemma 5. Let A be a C*-algebra and let I be a σ-unital closed two-sided ideal of A. Suppose
that Cu(A) is almost unperforated, then Cu(A/I) is almost unperforated.
Proof. Let π : A→ A/I denote the quotient map. Let n ∈ N and x, y ∈ Cu(A/I) be such that
(n+ 1)x ≤ ny.
Choose a, b ∈ (A ⊗ K)+ such that [π(a)] = x and [π(b)] = y. Then it follows by [6, Theorem 1.1]
that,
(n+ 1)[a] + z ≤ n[b] + z,
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where z is the largest element of Cu(I) (this element exists because I is σ-unital). Since 2z = z we
have
(n+ 1)([a] + z) ≤ n([b] + [z]).
Using now that Cu(A) is almost unperforated we get [a] + z ≤ [b] + z. Hence,
x = Cu(π)([a] + z) ≤ Cu(π)([b] + z) = y.
This implies that Cu(A/I) is almost unperforated. 
2.3. Strongly self-absorbing C*-algebras. Recall that a unital nuclear C*-algebra D is said
to be strongly self-absorbing if there exists a *-isomorphism φ : D → D ⊗ D that is approximately
unitarily equivalent to the map i : D → D ⊗D given by i(a) = a⊗ 1D for all a ∈ D. A C*-algebra
A is D-stable if A⊗D ∼= A.
The following result was proved in [16, Proposition 4.1] under the assumption that the algebra D
is K1-injective. This assumption is in fact redundant since every strongly self-absorbing C*-algebra
is K1-injective ([42, Theorem 3.1 and Remark 3.3]).
Lemma 6. Let A and D be separable C*-algebras such that D is strongly self-absorbing. Then
A is D-stable if and only if for any ǫ > 0 and any finite subsets F ⊂ A and G ⊂ D there exists a
completely positive contractive map φ : D → A such that
(i) ‖bφ(1D)− b‖ < ǫ,
(ii) ‖bφ(d) − φ(d)b‖ < ǫ,
(iii) ‖b(φ(dd′)− φ(d)φ(d′))‖ < ǫ,
for all b ∈ F and d, d′ ∈ G.
3. The Rokhlin property
In this section we introduce a Rokhlin-type property for actions of finite groups on not necessarily
unital C*-algebras and study several permanence properties of it. We also study its relation with
the Multiplier Rokhlin property ([27, Definition 2.15]) and with the Rokhlin property as defined in
[22, Definition 3.1].
Definition 2. Let A be a C*-algebra and let α : G→ Aut(A) be an action of a finite group G on
A. We say that α has the Rokhlin property if for any ǫ > 0 and any finite subset F ⊂ A there exist
mutually orthogonal positive contractions (rg)g∈G ⊂ A such that
(i) ‖αg(rh)− rgh‖ < ǫ, for all g, h ∈ G;
(ii) ‖rga− arg‖ < ǫ, for all a ∈ F and g ∈ G;
(iii) ‖(∑g∈G rg)a− a‖ < ǫ, for all a ∈ F .
The elements (rg)g∈G will be called Rokhlin elements for α.
Proposition 1. Let A be a C*-algebra and let α : G → Aut(A) be an action of a finite group G
on A. Then the following are equivalent:
(i) α has the Rokhlin property.
(ii) For any finite subset F ⊂ A there exist mutually orthogonal positive contractions (rg)g∈G ⊂
A∞ ∩ F ′ such that
(a) αg(rh) = rgh, for all g, h ∈ G;
(b) (
∑
g∈G rg)b = b, for all b ∈ F .
(iii) For any separable C*-subalgebraB ⊆ A there are orthogonal positive contractions (rg)g∈G ⊂
A∞ ∩B′ such that
(a) αg(rh) = rgh, for all g, h ∈ G;
(b) (
∑
g∈G rg)b = b, for all b ∈ B.
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(iv) For any separable G-invariant C*-subalgebra B ⊆ A there are projections (pg)g∈G ⊂
F(B,A) such that
(a) αg(ph) = pgh, for all g, h ∈ G;
(b)
∑
g∈G pg = 1F(B,A).
Proof. (i)⇒(iii). Let B be a separable C*-subalgebra of A. Choose finite subsets (Fn)n∈N of A such
that Fn ⊂ Fn+1 for all n, and
⋃
n∈N Fn = B. For each n choose Rokhlin elements (r
(n)
g )g∈G such
that
‖αg(r(n)h )− r(n)gh ‖ <
1
n
, ‖r(n)g b− br(n)g ‖ <
1
n
, ‖(
∑
g∈G
r(n)g )b− b‖ <
1
n
,
for all g, h ∈ G and all b ∈ Fn. Let rg =
(
r
(n)
g
)
n
∈ A∞. Then αg(rh) = rgh for all g, h ∈ G, and
rgb = brg, (
∑
g∈G
rg)b = b,
for all b ∈ ⋃n∈N Fn. Using that ⋃n∈N Fn is dense in B we get the previous equalities for all b ∈ B.
This shows that the elements rg, with g ∈ G, belong to A∞ ∩ B′ and that the satisfy (a) and (b)
of (iii).
(iii)⇒(ii). This is clear by taking B to be the C*-subalgebra generated by the finite set F .
(ii)⇒(i). Let F be a finite subset of A. Let (rg)g∈G ⊂ A∞ ∩F ′ be elements satisfying conditions
(a) and (b) of (ii). By [21, Lemma 10.1.12] these elements can be lifted to mutually orthogonal
positive contractions ((rg,n)n)g∈G ∈ ℓ∞(N, A). Let ǫ > 0. Then using the definition of A∞ and that
the elements (rg)g∈G satisfy conditions (a) and (b) of (ii) we get
‖αg(rh,n)− rgh,n‖ < ǫ, ∀g, h ∈ G,
‖rg,nb− brg,n‖ < ǫ, ∀g ∈ G,∀b ∈ F,
‖(
∑
g∈G
rg,n)b− b‖ < ǫ, ∀b ∈ F,
for some n ∈ N. This shows that α has the Rokhlin property.
(iii)⇒(iv). Let B be a separable G-invariant C*-subalgebra of A. By (iii) there exist positive
orthogonal contractions (rg) ⊂ A∞ ∩ B′ satisfying (a) and (b) of (iii). Let π : A∞ ∩B′ → F(A,B)
be the quotient map. Set pg = π(rg). Then by (b) of (iii) we have
∑
g∈G pg = 1FB,A . Also, by (a) of
(iii) we get αg(ph) = pg,h for all g, h ∈ G. Since the elements (rg)g∈G are orthogonal, the elements
(pg)g∈G are orthogonal. It follows that p
2
h = ph
∑
g∈G pg = ph for all h ∈ G. Hence, (pg)g∈G are
projections.
(iv)⇒(ii). Let F be a finite subset of A and let B be the C*-subalgebra of A generated by the
finite set
⋃
g∈G αg(F ). Then B is G-invariant and separable. Let (pg)g∈G ⊂ F(B,A) be projections
satisfying conditions (a) and (b) of (iv). Then by [21, Lemma 10.1.12] there exit mutually orthogonal
positive contractions (fg)g∈G ⊂ A∞ ∩B′ such that π(fg) = pg. Note that these elements satisfy
αg(fh)b = fghb, (
∑
g∈G
fg)b = b,
for all g, h ∈ G and all a ∈ B. By Lemma 2 applied to the finite sets F1 = {fg : g ∈ G}, F2 =
{αg(fh)− fgh : g, h ∈ G}, and F3 = {
∑
g∈G fg}, there exists a positive contraction d ∈ (A∞ ∩B′)G
such that
db = b, dfg = fgd, αg(fh)d = fghd, (
∑
g∈G
fg)d = d,
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for all b ∈ B, and g, h ∈ G. For each g ∈ G set rg = dfgd. Then (rg)g∈G ⊂ A∞ ∩B′. Also, by the
previous equations and that d ∈ (A∞ ∩B′)G we get∑
g∈G
rg = d
2,
αg(rh) = rgh ∀g, h ∈ G,
rgrh = 0 ∀g, h ∈ G, g 6= h.
(2)
Therefore, since (rg)g∈G ⊂ A∞ ∩ F ′ and d2b = b for all b ∈ B, it follows that the elements (rg)g∈G
satisfy conditions (a) and (b) of (ii). 
Corollary 1. Let A be a unital C*-algebra and let α : G→ Aut(A) be an action of a finite group
G on A. Then α has the standard Rokhlin as in [28, Definition 1.1] (without the assumption of
separability) if and only if it has the Rokhlin property as defined in Definition 2.
Proof. The forward implication is clear. Let us show the opposite implication. Let A and α be
as in the statement of the corollary. Let F be a finite subset of A and let B be the unital C*-
subalgebra of A generated by
⋃
g∈G αg(F ). It is clear that B is separable and G-invariant. Also,
F(B,A) = A∞ ∩ B′ since B is unital. By (iv) of Proposition 1 there exists a partition of unity
(pg)g∈G ⊂ A∞ ∩B′ consisting of projections such that
αg(ph) = pgh,
for all g, h ∈ G. Let φ : C[G] → A∞ ∩ B′ be the *-homomorphism defined by φ(∑g∈G zgg) =∑
g∈G zgpg, where zg ∈ C for all g ∈ G. Using that the C*-algebra C[G] ∼= C|G| is semiprojective by
[21, Lemma 14.1.5 and Theorem 14.2.1], we can lift φ to a unital map from C[G] to ℓ∞(N, A). In
other words, there exists a partition of unity (qg)g∈G ⊂ ℓ∞(N, A), with qg = (q(n)g )n∈N, consisting
of projections such that ∑
g∈G
q(n)g = 1, ∀n ∈ N,
lim
n→∞
(αg(q
(n)
h )− q(n)g,h) = 0, ∀g, h ∈ G,
lim
n→∞
(q(n)g a− aq(n)g ) = 0, ∀a ∈ F.
This implies that α has the Rokhlin property as in [28, Definition 1.1]. 
Let A be a σ-unital C*-algebra and let α : G → Aut(A) be an action of a finite group G on A.
We say that α has the Rokhlin property in the sense of [22, Definition 3.1] if there exist projections
(pg)g∈G ⊂ F(A) such that∑
g∈G
pg = 1F(A), αg(ph) = pg,h ∀g, h ∈ G.
Corollary 2. Let A be a σ-unital C*-algebra and let α : G→ Aut(A) be an action of a finite group
G on A. Suppose that α has the Rokhlin property in the sense of [22, Definition 3.1], then α has
the Rokhlin property. Moreover, if A is separable then α has the Rokhlin property in the sense of
[22, Definition 3.1] if and only if it has the Rokhlin property.
Proof. This is a consequence of the equivalence of (i) and (iii) of Proposition 1. 
Let A be a C*-algebra and let α : G→ Aut(A) be an action of a finite group G on A. Let M(α)
denote the extension of α to the multiplier algebra M(A) of A. Recall that α has the multiplier
Rokhlin property ([27, Definition 2.15]) if for every finite set F ⊂ A and every ǫ > 0, there are
mutually orthogonal projections (pg)g∈G ⊂M(A) such that:
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(i) ‖M(α)g(ph)− pgh‖ < ǫ for all g, h ∈ G;
(ii) ‖pga− apg‖ < ǫ for all g ∈ G and all a ∈ F ;
(iii)
∑
g∈G pg = 1M(A).
Corollary 3. Let A be a C*-algebra and let α : G → Aut(A) be an action of a finite group G on
A. If α has the multiplier Rokhlin property then α has the Rokhlin property.
Proof. Let A and α be as in the statement of the corollary. Let us show that (A,α) satisfies (iv) of
Proposition 1. Let B be a separable G-invariant C*-subalgebra of A. Choose finite subsets (Fn)n∈N
of B consisting of contractions such that
⋃
n∈N Fn is dense in the unit ball of B. For each n ∈ N let
(p
(n)
g )g∈G ⊂ M(A) be mutually orthogonal projections satisfying properties (i), (ii), and (iii) given
above for Fn and ǫ =
1
n
. Select a G-invariant approximate unit (uλ)λ∈Λ for A that is quasi-central
for M(A) (this approximate unit exists by Lemma 1). Let n ∈ N be fixed. Then for each a ∈ Fn
we have
lim
λ
‖(uλp(n)g uλ)(uλp(n)h uλ)a‖ = lim
λ
‖p(n)g p(n)h au4λ‖ = 0 <
1
n
, ∀g, h ∈ G, g 6= h
lim
λ
‖αg(uλp(n)h uλ)a− uλp
(n)
gh uλa‖ = lim
λ
‖(M(α)g(p(n)h )− p
(n)
gh )au
2
λ‖ <
1
n
, ∀g, h ∈ G,
lim
λ
‖(uλp(n)g uλ)a− a(uλp(n)g uλ)‖ = lim
λ
‖(p(n)g a− ap(n)g )u2λ‖ <
1
n
, ∀g ∈ G,
lim
λ
‖(
∑
g∈G
uλp
(n)
g uλ)a− a‖ = ‖(
∑
g∈G
p(n)g )a− a‖ = 0 <
1
n
,
Therefore, there exists a positive contraction u ∈ A such that for r(n)g := up(n)g u ∈ A the following
hold:
‖r(n)g r(n)h a‖ <
1
n
, ∀g, h ∈ G, g 6= h, ∀a ∈ Fn
‖(αg(r(n)h )− r
(n)
gh )a‖ <
1
n
, ∀g, h ∈ G, ∀a ∈ Fn
‖r(n)g a− ar(n)g ‖ <
1
n
, ∀g ∈ G, ∀a ∈ Fn
‖(
∑
g∈G
r(n)g )a− a‖ <
1
n
, ∀a ∈ Fn.
For each g ∈ G set rg := (r(n)g )n ∈ ℓ∞(N, A). Then by the inequalities above, for each a ∈
⋃
n∈N Fn
we have rgrha = 0 for all g, h ∈ G with g 6= h, (αg(rh)− rgh)a = 0 for all g, h ∈ G, arg = rga for all
g ∈ G, and (∑g∈G rg)a = a. Since ⋃n∈N Fn is dense in the unit ball of B, the same equalities hold
for every a ∈ B. Let π : A∞ ∩ B′ → F (B,A) be quotient map. For each g ∈ G put pg = π([rg]).
Then (pg)g∈G are mutually orthogonal projections that satisfy conditions (a) and (b) of (iv) of
Proposition 1. Therefore, by the same proposition α has the Rokhlin property. 
The following is an example of a Z2-action with the Rokhlin property that does not have the
multiplier Rokhlin property:
Example 1. Consider the space X = { 1
n
: n ∈ N} with the topology induced from R. Let
φ : X → X be the map defined by φ(1/(2n − 1)) = 1/(2n), and φ(1/(2n)) = 1/(2n − 1), for all
n ∈ N. It is clear that φ is bijective, continuous, proper, its inverse is continuous, and that φ2 = idX .
This implies that the map α : C0(X)→ C0(X) defined by α(f)(x) = f(φ−1(x)) is a *-automorphism
satisfying α2 = idC0(X). Consider the action of Z2 on C0(X) defined by this automorphism. Let
us see that this action has the Rokhlin property. For each n ∈ N, let r(1)n , r(2)n ∈ C0(X) denote the
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characteristic functions of the open subsets {1/(2k − 1) : 1 ≤ k ≤ n} and {1/(2k) : 1 ≤ k ≤ n},
respectively (note that these functions are continuous since the given sets are open). Then r
(1)
n and
r
(2)
n are orthogonal, α(r
(1)
n ) = r
(2)
n , and (r
(1)
n + r
(2)
n )n∈N is an approximate unit for C0(X). Since
C0(X) is commutative it follows that the given Z2-action has the Rokhlin property. It is clear that
this action does not have the multiplier Rokhlin property since X can not be written as the union
of two disjoint open sets X1 and X2 satisfying φ(X1) = X2. (If X = X1 ∪X2 where X1 and X2
are disjoint and open, then either X1 or X2 contains a subset of X of the form {1/n : n > k}. In
particular, it follows that φ(X1) 6= X2.)
Let A be a C*-algebra and let α : G → Aut(A) be an action of a finite group G on A. Recall
that a map ω : G→ U(M(A)), where U(M(A)) denotes the unitary group of M(A), is said to be an
α-cocycle if it satisfies ωgh = ωgαg(ωh) for all g, h ∈ G. Let β : G → Aut(A) be an action of G on
A. The actions α and β are said to be exterior equivalent if there exists an α-cocycle ω such that
βg(a) = ωgαg(a)ω
∗
g for all g ∈ G and all a ∈ A.
Theorem 1. Let A and B be C*-algebras and let α : G → Aut(A) be an action of a finite group
G on A. The following statements hold:
(i) If β : G→ Aut(B) is an action with the Rokhlin property, then the tensor action
α⊗min β : G→ Aut(A⊗min B)
has the Rokhlin property. Here ⊗min denotes the minimal tensor product;
(ii) If α has the Rokhlin property and B is a G-invariant hereditary C*-subalgebra of A then
the restriction of α to B has the Rokhlin property;
(iii) If α has the Rokhlin property and I is a G-invariant closed two-sided ideal of A then the
action induced by α on A/I has the Rokhlin property;
(iv) If for any finite subset F ⊂ A and any ǫ > 0 there exist a C*-algebra B with an action
β : G→ Aut(B) with the Rokhlin property, and an equivariant *-homomorphism φ : B → A
such that dist(a, φ(B)) < ǫ for all a ∈ F . Then α has the Rokhlin property;
(v) If (A,α) is a direct limit—with equivariant connecting *-homomorphisms—of a direct sys-
tem (Aλ, αλ)λ∈Λ, and every action αλ : G→ Aut(Aλ) has the Rokhlin property, then α has
the Rokhlin property;
(vi) If α has the Rokhlin property and H is a subgroup of G then the restriction of α to H has
the Rokhlin property.
(vii) If β : G→ Aut(A) is an action with the Rokhlin property and α and β are exterior equivalent
then α has the Rokhlin property.
Proof. (i) Given that G is finite the tensor action α⊗min β is well defined. Let us show that α⊗ β
has the Rokhlin property. Since A⊗min B is the closure of the span of simple tensors, it is enough
to show that for any ǫ > 0 and any finite set F ⊂ A⊗minB consisting of simple tensors, there exist
orthogonal positive contractions (fg)g∈G in A ⊗min B satisfying (i), (ii), and (iii) of Definition 2.
Let ǫ > 0 and
F = {ak ⊗ bk : ak ∈ A, bk ∈ B, 1 ≤ k ≤ n}.
Choose an approximate unit (ui)i∈I for A consisting of G invariant elements (this approximate unit
exists by Lemma 1). Then there exists i ∈ I such that
‖uiak − akui‖ < ǫ
2
, ‖uiak − ak‖ < ǫ
2
,(3)
for 1 ≤ k ≤ n. Choose Rokhlin elements (rg)g∈G ⊂ B for β corresponding to the finite set
{b1, b2, · · · , bn} and to the number ǫ2 . For each g ∈ G put fg = ui ⊗ rg. Then the elements (fg)g∈G
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are mutually orthogonal since the elements (rg)g∈G are orthogonal. Now by the triangle inequality,
the choice of (rg)g∈G, and the inequalities in (3) we get
‖(α ⊗ β)g(fh)− fgh‖ ≤ ‖ui ⊗ (βg(rh)− rgh)‖ ≤ ǫ
2
< ǫ,
‖fg(ak ⊗ bk)− (ak ⊗ bk)fg‖ ≤ ‖(uiak − akui)⊗ rgbk‖+ ‖akui ⊗ (rgbk − bkrg)‖ < ǫ
2
+
ǫ
2
= ǫ,
‖(
∑
g∈G
fg)(ak ⊗ bk)− (ak ⊗ bk)‖ ≤ ‖(uiak − ak)⊗
∑
g∈G
rgbk‖+ ‖ak ⊗ (
∑
g∈G
rgbk − bk)‖ < ǫ
2
+
ǫ
2
= ǫ,
for 1 ≤ k ≤ n. We have shown that (fg)g∈G are Rokhlin elements for β corresponding to the finite
set F and the number ǫ. This implies that β has the Rokhlin property.
(ii) Let A, B, and α be as in the statement of (ii). Let F be a finite subset of B. Then by (ii) of
Proposition 1 there exist orthogonal positive contractions (rg)g∈G ⊂ A∞∩F ′ satisfying αg(rh) = rgh
for all g, h ∈ G, and (∑g∈G rg)a = a for all a ∈ F . By Lemma 2 applied to the separable C*-
subalgebra of B generated by the elements in F and to the finite sets F1 = {rg : g ∈ G}, F2 = {0},
and F3 = {
∑
g∈G rg}, there exists a positive contraction d ∈ B∞ ∩B′ ⊂ A∞ ∩B′ such that da = a
for all a ∈ F , drg = rgd for all g ∈ G, and (
∑
g∈G rg)d = d. For each g ∈ G set fg = drgd. Then
fg ∈ B∞ ∩B′ since B is a hereditary C*-subalgebra of A. Also, it is straightforward to check that
the elements (fg)g∈G satisfy (a) and (b) of (ii) of Proposition 1. Therefore, by the equivalence of
(i) and (ii) in the same proposition, the restriction of α to B has the Rokhlin property.
(iii) Let ǫ > 0 and let F ⊂ A/I be a finite set. Let π : A → A/I denote the quotient map.
Choose a finite set F˜ ⊂ A such that π(F˜ ) = F . Choose Rokhlin elements (rg)g∈G for F˜ and ǫ > 0.
Then it is straightforward that (φ(rg))g∈G are Rokhlin elements for F and ǫ.
(iv) Let A and α be as in the statement of the proposition. Let F = {a1, a2, · · · an} be a finite
subset of A. Then by assumption there exist a C*-algebra B with an action β : G → Aut(B)
with the Rokhlin property, an equivariant *-homomorphism φ : B → A, and a finite subset F˜ =
{b1, b2, · · · bn} ⊂ B such that ‖ai − φ(bi)‖ < ǫ3 for 1 ≤ i ≤ n. Since β has the Rokhlin property,
there exist orthogonal positive contractions (rg)g∈G ⊂ B such that
‖αg(rh)− rgh‖ < ǫ, ‖rgbi − birg‖ < ǫ
3
, ‖(
∑
g∈G
rg)bi − bi‖ < ǫ
3
,
for g, h ∈ G and 1 ≤ i ≤ n. For each g ∈ G set fg := φ(rg). Then (fg)g∈G are orthogonal positive
contractions. Using that φ is equivariant we get
‖βg(fh)− fgh‖ = ‖φ(αg(rh)− rgh)‖ ≤ ‖αg(rh)− rgh‖ < ǫ.
Also, using the triangle inequality we get
‖fgai − aifg‖ ≤ ‖φ(rgbi − birg)‖+ ‖fg(ai − φ(bi))‖ + ‖(ai − φ(bi))fg‖ < ǫ
3
+
ǫ
3
+
ǫ
3
= ǫ,
‖(
∑
g∈G
fg)ai − ai‖ ≤ ‖φ((
∑
g∈G
rg)bi − bi)‖+ ‖(
∑
g∈G
fg)(ai − φ(bi))‖ + ‖ai − φ(bi)‖ < ǫ
3
+
ǫ
3
+
ǫ
3
= ǫ,
for g ∈ G and 1 ≤ i ≤ n. Hence, (fg)g∈G are Rokhlin elements for α, F and ǫ. It follows that β
has the Rokhlin property.
(v) This is a particular case of (iv).
(vi) Let H be a subgroup of G and let n denote the number of elements of G/H. Let F ⊂ A and
let ǫ > 0. Choose a family K of representatives of H in G and Rokhlin elements (rg)g∈G for α, F ,
and ǫ/n. Then it is easy to check using the triangle inequality that (fh)h∈H , with fh =
∑
g∈K fhg
for all h ∈ H, are Rokhlin elements for the restriction of α to H, the finite set F , and the number
ǫ > 0.
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(vii) Let α, β : G→ Aut(A) be actions of G on A that are exterior equivalent and suppose that
α has the Rokhlin property. Let ω : G→ U(M(A)) be the α-cocycle implementing the equivalence.
Let F be a finite subset of A. Using Lemma 1 choose an approximate unit (ui)i∈I ⊂ A for A that
is quasicentral in M(A) and that satisfies αg(ui) = ui for all g ∈ G and i ∈ I. Then for each n ∈ N
there exists in ∈ I such that
‖uina− a‖ <
1
n
, ∀a ∈ F,
‖uinwg − wguin‖ <
1
n
, ∀g ∈ G.
For each n ∈ N choose Rokhlin elements (r(n)g )g∈G ⊂ A for the the finite set Fn = F∪{uinwg : g ∈ G}
and the number 1
n
. Consider the elements u = [(un)n], rg = [(r
(n)
g )] ∈ A∞. Then it follows that
ua = au = a, uwg = wgu,(4)
αg(rh) = rgh, rga = arg, rguwg = uwgrg,(5)
(
∑
g∈G rg)a = a, (
∑
g∈G
rg)uwh = uwh,(6)
for all a ∈ F and g, h ∈ G. Note that by the third equality in (5) we have
u2rg = (uwg)(uwg)
∗rg = (uwg)rg(uwg)
∗ = rg(uwg)(uwg)
∗ = rgu
2,
for all g ∈ G. This implies that f(u2)rg = rgf(u2) for every f ∈ C0((0, ‖u‖],R+), and in particular
for square root function. Therefore, urg = rgu for all g ∈ G. For each g ∈ G set fg := urgu. Then
fg = u
2rg = rgu
2. In addition, by the equalities in (4), (5), and (6) we get
βg(fh) = wgαg(urhu)w
∗
g = wgurghuw
∗
g = uwgrgh(uwg)
∗ = rgh(uwg)(uwg)
∗ = rghu
2 = fgh,
for all g, h ∈ G,
fgfh = (urgu)(urhu) = u
2rgrhu
2 = 0,
for all g, h ∈ G with g 6= h,
fga = urgua = urgau = aurgu = afg,
for all g ∈ G and a ∈ F , and
(
∑
g∈G
fg)a =
∑
g∈G
urgua = u(
∑
g∈G
rg)a = ua = a,
for all a ∈ F . This shows that (fg)g∈G are elements of A∞ ∩ F ′ that satisfy conditions (a) and
(b) of (ii) of Proposition 1 for the action β and the finite set F . Therefore, it follows by the same
proposition that β has the Rokhlin property. 
Recall that an action α : G → Aut(A) is said to be pointwise outer if, for g ∈ G \ {e}, the
automorphism αg is outer, that is, not of the form a 7→ Ad(u)(a) = uau∗ for some unitary u in the
multiplier algebra M(A) of A.
Proposition 2. Let A be C*-algebra and let α : G→ Aut(A) be an action of a finite group G on
A with the Rokhlin property. Then α is pointwise outer.
Proof. Suppose that there exist g0 ∈ G \ {e} and a unitary u in the multiplier algebra M(A) of
A such that αg0(a) = uau
∗ for all a ∈ A. Let b be a nonzero element of the fixed-point algebra
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Aα. By (ii) of Proposition 1 applied to the finite set F = {b, bu∗}, there exist orthogonal positive
contractions (rg)g∈G ⊂ A∞ such that
αg(rh) = rg,h, rg(bu
∗) = (bu∗)rg, rgb = brg (
∑
g∈G
rg)b = b,
for all g, h ∈ G. Note that reb 6= 0 since
∑
g∈G αg(reb) = (
∑
g∈G rg)b = b 6= 0. Also, we have
(rg0b)(bre) = (bre)(rg0b) = 0 and
urebu
∗ = u(bu∗)re = αg0(b)re = bre.
Hence,
0 = ‖αg0(reb)− urebu∗‖ = ‖rg0b− bre‖ = max(‖rg0b‖, ‖bre‖) 6= 0,
which is a contradiction. Therefore αg is outer for all g ∈ G \ {e}. 
Let A be a C*-algebra and let α : G → Aut(A) be an action of a finite group G on A. Let
us denote by Ideal(A) the set of closed two-sided ideals of A, by Ideal(A)G ⊂ Ideal(A) the set
of G-invariant ideals, and by Ideal(a) the closed two-sided ideal of A generated by a ∈ A. The
following result is essentially [38, Theorem 1.25].
Proposition 3. Let A be C*-algebra and let α : G→ Aut(A) be an action of a finite group G on
A with the Rokhlin property. Then the map
Ideal(A⋊α G) −→ Ideal(A)G,
I 7−→ I ∩A,
is a bijection. In particular, every ideal of J ⊂ A⋊αG has the form I⋊α(·)|I G for some G-invariant
ideal I of A.
Proof. The map above is clearly onto since (I ⋊α G) ∩ A = I for all I ∈ Ideal(A)G. Let us show
that it is one-to-one. Let (ug)g∈G ⊂ M(A⋊αG) be the canonical unitaries implementing the action
α. By [38, Theorem 1.10(ii)] it is enough to show that for x ∈ A⋊α G, with x =
∑
g∈G agug, one
has ae ∈ Ideal(x).
Let x =
∑
g∈G agug be an element of A⋊αG, with ag ∈ A for all g ∈ G. Choose Rokhlin elements
(r
(n)
g )g∈G, with n ∈ N, associated to the finite set F = {ag : g ∈ G} and to the numbers 1n , with
n ∈ N. For each g ∈ G set rg = (r(n)g )n. Then rg ∈ A∞ ∩ F ′ ⊂ (A ⋊α G)∞ ∩ F ′ for all g ∈ G,
αg(rh) = rgh for all g, h ∈ G, and
∑
g∈G rgae = ae. It follows that∑
h∈G
rhxrh =
∑
g∈G
∑
h∈G
rhagugrh =
∑
g∈G
∑
h∈G
δh,ghr
2
hagug =
∑
h∈G
r2hae = (
∑
h∈G
rh)
2ae = ae.
Therefore,
∑
h∈G r
(n)
h xr
(n)
h → ae as n→∞. This implies that ae ∈ Ideal(x). 
Corollary 4. Let A be a simple C*-algebra and let α : G→ Aut(A) be an action of a finite group
G on A with the Rokhlin property. Then A⋊α G is simple.
Proposition 4. Let A be C*-algebra and let α : G→ Aut(A) be an action of a finite group G on
A with the Rokhlin property. Then the crossed product C*-algebra A ⋊α G and the fixed point
algebra AG are strongly Morita equivalent.
Proof. This is a consequence of the discussion after [14, Lemma 3.1] (see also [27, Theorem 5.10]).

Corollary 5. Let A be C*-algebra and let α : G→ Aut(A) be an action of a finite group G on A
with the Rokhlin property. Then Cu(AG) and Cu(A⋊α G) are naturally isomorphic.
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Proof. By Proposition 4 the crossed product C*-algebra A ⋊α G and the fixed point algebra A
G
are strongly Morita equivalent. Hence, there exists a canonical C*-algebra B containing copies of
A ⋊α G and A
G as full hereditary C*-subalgebras ([30, page 288]). It follows that Cu(A ⋊α G) ∼=
Cu(B) ∼= Cu(AG). 
4. Local approximation of A⋊α G
In this section we show that the crossed product C*-algebra by an action of a finite group
on a C*-algebra with the Rokhlin property can be locally approximated by matrix algebras over
hereditary C*-subalgebras of the given C*-algebra.
Let (fi,j)
d
i,j=1 denote the set of matrix units of Md(C). The following result is well known. We
include the proof for the convenience of the reader.
Lemma 7. Let A be a C*-algebra, let φ : C0(0, 1] ⊗Md(C) → A be a *-homomorphism, and let
b = φ(t⊗ 1Md) and c = φ(t⊗ f1,1). Then the map ψ : Md(cAc)→ bAb defined by
ψ(
d∑
i,j=1
(cxi,jc)⊗ fi,j) :=
d∑
i,j=1
φ(t⊗ fi,1)xi,jφ(t⊗ f1,j),
extends to a *-isomorphism ψ˜ : Md(cAc)→ bAb.
Proof. The map ψ is clearly additive. Also, using that (fi,j)
d
i,j=1 is a set of matrix units of Md(C)
it is easy to check that ψ is multiplicative and that it preserves the adjoint operation.
Now note that the matrix An =
(
δi,1φ(t
1
n ⊗ fi,j)
)
1≤i,j≤d
, where δi,j denotes Kronecker’s delta
function, satisfies
‖An‖ = ‖A∗nAn‖
1
2 = ‖
d∑
i=1
φ(t
2
n ⊗ fi,i)‖
1
2 ≤ 1.
Hence, we have
‖ψ(
n∑
i,j=1
(cxi,jc)⊗ fi,j)‖ = ‖
n∑
i,j=1
φ(t⊗ fi,1)xi,jφ(t⊗ f1,j)‖
= lim
n→∞
‖
n∑
i,j=1
φ(t
1
n ⊗ fi,1)cxi,jcφ(t
1
n ⊗ f1,j)‖
= lim
n→∞
‖A∗n (cxi,jc)i,j An‖
≤ ‖ (cxi,jc)i,j ‖
= ‖
n∑
i,j=1
(cxi,jc)⊗ fi,j‖,
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and
‖
n∑
i,j=1
(cxi,jc)⊗ fi,j‖ = ‖ (cxi,jc)i,j ‖
= lim
n→∞
‖Atn (φ(t⊗ fi,1)xi,jφ(t⊗ f1,j))i,j (Atn)∗‖
= lim
n→∞
‖
(
φ(t1+
1
n ⊗ f1,1)xi,jφ(t1+
1
n ⊗ f1,1)
)
i,j
‖
= lim
n→∞
‖An(
d∑
i,j=1
φ(t⊗ fi,1)xi,jφ(t⊗ f1,j))A∗n‖
≤ ‖
d∑
i,j=1
φ(t⊗ fi,1)xi,jφ(t⊗ f1,j)‖
=‖ψ(
n∑
i,j=1
(cxi,jc)⊗ fi,j)‖,
for all xi,j ∈ A. Therefore, ψ is an isometry and in particular it is well defined. Now using that
Md(cAc) is dense in Md(cAc) we can extend ψ by continuity to an isometric *-homomorphism
ψ˜ : Md(cAc)→ bAb. Note that
ψ˜(c3 ⊗ 1Md) = ψ(c3 ⊗ 1Md) =
d∑
i=1
φ(t3 ⊗ fi,i) = b3.
Using that ψ˜ preserves functional calculus we get ψ˜(c) = b. This implies that ψ˜ is surjective.
Therefore, it is a *-isomorphism. 
Lemma 8. Let A be a C*-algebra and let 0 < ǫ < 1. Let a, b ∈ A+ and x ∈ A be such that
‖a− x∗x‖ < ǫ, ‖b− xx∗‖ < ǫ.
Then there exists y ∈ A such that
(a− 9ǫ 12 )+ = y∗y, yy∗ ≤ (b− ǫ)+, ‖y − x‖ < 16ǫ
1
4 .
Proof. Let a, b, and x be as in the statement of the lemma. Then by [32, Proposition 1] there exists
z ∈ A such that
(b− ǫ)+ = zz∗, z∗z ≤ x∗x, ‖z − x‖ < 4ǫ
1
2 .
(A straightforward computation shows that [32, Proposition 1] holds for C = 4.) In particular, we
have
‖a− z∗z‖ ≤ ‖a− x∗x‖+ ‖(x− z)∗x‖+ ‖z∗(x− z)‖ < ǫ+ 4ǫ 12 + 4ǫ 12 ≤ 9ǫ 12 .
By applying again [32, Proposition 1], this times to the elements a and z, we get an element y ∈ A
satisfying
(a− 9ǫ 12 )+ = y∗y, yy∗ ≤ zz∗ = (b− ǫ)+, ‖y − z‖ < 12ǫ
1
4 .
A simple computation now shows that ‖y − x‖ < 16ǫ 14 . 
In order to prove the main theorem of this section we need the following lifting result. This is a
slight refinement of [21, Theorem 10.2.2] for quotients of the form ℓ∞(N, A)/c0(N, A).
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Proposition 5. Let A be a C*-algebra and let 0 < ǫ < 1. Given a *-homomorphism φ : Md(C0(0, 1]) →
A∞ and orthogonal positive contractions h1, h2, · · · , hd ∈ ℓ∞(N, A) such that [hi] = φ(t ⊗ fi,i) for
all i ∈ N, there exists a *-homomorphism ψ : Md(C0(0, 1]) → ℓ∞(N, A) that lifts φ and that satisfies
ψ(t⊗ f1,1) ∈ C∗(h1), ψ(t⊗ fi,i) ≤ hi.
Proof. Let φ : Md(C0(0, 1]) → A∞ and h1 = (h1,n), h2 = (h2,n), · · · , hd = (hd,n) ∈ ℓ∞(N, A) be as
in the statement of the proposition. For each 1 ≤ i ≤ d let xi = (xi,n) ∈ ℓ∞(N, A) be a lifting of
φ(t⊗ fi,1). Then
‖h21,n − x∗i,nxi,n‖ → 0, ‖h2i,n − xi,nx∗i,n‖ → 0,
as n→∞. By passing to a subsequence and relabeling we may assume that
‖h21,n − x∗i,nxi,n‖ <
1
n
, ‖h2i,n − xi,nx∗i,n‖ <
1
n
,
for all 1 ≤ i ≤ d and n ∈ N. Using these inequalities and Lemma 8 we can find elements yi,n such
that
y∗i,nyi,n = (h1,n − 9ǫ−
1
2 )+, yi,ny
∗
i,n ≤ h2i,n, ‖yi,n − xi,n‖ < 16ǫ
1
4 .
For each i set yi = (yi,n)n. Then it follows that yi is an element in ℓ∞(N, A) and that [yi] = [xi] =
φ(t⊗ fi,1). Also, using the orthogonality of the elements hi we get that yi,nyj,n = 0 for all i, j ≥ 2,
and that y∗i,nyj,n = 0 for all i, j ≥ 2 with i 6= j. It follows now by [21, Proposition 3.3.1] that
there exists a *-homomorphism ψ : Md(C0(0, 1]) → ℓ∞(N, A) satisfying ψ(t ⊗ fi,1) = yi for all i.
Therefore, we have
ψ(t⊗ f1,1) = (y∗1y1)
1
2 = ((h21 − 9ǫ−
1
2 )+)
1
2 ∈ C∗(h1),
ψ(t⊗ fi,i) ≤ (yiy∗i )
1
2 ≤ (h2i )
1
2 = hi,
for all i. (In order to obtain the last inequality we are using [24, Proposition 1.3.8].) 
Theorem 2. Let A be a C*-algebra and let G be a finite group. Let α : G→ Aut(A) be an action
with the Rokhlin property. Then for any finite subset F ⊆ A ⋊α G and any ǫ > 0 there exist a
positive element a ∈ A and a *-homomorphism ϕ : M|G|(aAa)→ A⋊αG such that dist(x, Im(ϕ)) < ǫ
for all x ∈ F .
Proof. Let α : G→ Aut(A) be an action with the Rokhlin property and let (ug)g∈G ⊂ M(A ⋊α G)
be the canonical unitaries satisfying αg(a) = ugau
∗
g for all a ∈ A and g ∈ G. Let F be a finite
subset of A ⋊α G. Since A ⋊α G is generated by the elements of the set {aug : a ∈ A, g ∈ G}, we
may assume that F = {aug : a ∈ F1, g ∈ G}, where F1 is a finite subset of A such that αg(F1) = F1
for all g ∈ G.
By (ii) of Proposition 1 there exist orthogonal positive contractions (rg)g∈G ⊂ A∞∩F ′1 satisfying
αg(rh) = rgh, (
∑
g∈G
rg)b = b
∑
g∈G
rg = b,(7)
for g, h ∈ G and b ∈ F1. Consider A∞ as a C*-subalgebra of (A ⋊α G)∞ and set xg := ugre for
g ∈ G. Then xg ∈ (A⋊α G)∞, ‖xg‖ ≤ 1, and the following orthogonality relations hold
xgxh = 0 ∀g, h 6= e, x∗gxh = δg,hr2e ∀g, h ∈ G.
This implies by [21, Proposition 3.3.1] that there exists a *-homomorphism φ : M|G|(C0(0, 1]) →
(A⋊αG)
∞ such that φ(t⊗fg,e) = xg. Let sg = (sg,n) ∈ ℓ∞(N, A), with g ∈ G, be orthogonal positive
contractions that lift (rg)g∈G (they exist by [21, Lemma 10.1.12]). Then by Proposition 5 the map
φ can be lifted to a *-homomorphism ψ = (ψn) : M|G|(C0(0, 1]) → ℓ∞(N, A ⋊α G). Moreover, ψ
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can be taken such that ψ(t ⊗ fe,e) ∈ C∗(se) ⊆ ℓ∞(N, A). Note that ψn(t⊗ fe,e)Aψn(t⊗ fe,e) is a
hereditary C*-subalgebra of A. Also, using the equations in (7) we get
lim
n→∞
ψn(t⊗ 1M|G|)aug = limn→∞
∑
h∈G
ψn(t⊗ fh,h)aug = aug,
lim
n→∞
augψn(t⊗ 1M|G|) = limn→∞ aug
∑
h∈G
ψn(t⊗ fh,h) = lim
n→∞
a(
∑
h∈G
ψn(t⊗ fh,h))ug = aug,
(8)
for aug ∈ F .
Let us now use that (rg)g∈G are orthogonal elements of A
∞ ∩ F ′1 satisfying αg(rh) = rgh for all
g, h ∈ G. For each auk ∈ F we have
φ(t⊗ fe,g)(auk)φ(t⊗ fh,e) = x∗g(auk)xh = reu∗gaukuhre = ugαg(re)aukuhre = u∗grgaukhre
= u∗grgaαkh(re)ukh = u
∗
grgarkhukh = u
∗
gargrkhukh = δg,khu
∗
gar
2
gug = δg,khu
∗
gaugαg−1(r
2
g)
= δg,khαg−1(a)r
2
e = δg,khreαg−1(a)re.
Hence, since ψ is a lift of φ we get
lim
n→∞
‖ψn(t⊗ fe,g)(auk)ψn(t⊗ fh,e)− δg,khψn(t⊗ fe,e)αg−1(a)ψn(t⊗ fe,e)‖ = 0.(9)
Set cg,n = ψn(t⊗ fe,g), dn = ψn(t⊗ 1M|G|), cg = (cg,n)n∈N, and d = (dn)n∈N. Then by Lemma 7
there exist *-isomorphisms ρn : M|G|(ce,n(A⋊α G)ce,n)→ dn(A⋊α G)dn satisfying
ρn((ce,nxce,n)⊗ fg,h) := ψn(t⊗ fg,e)xψn(t⊗ fe,h) = c∗g,nxch,n.
Denote by ρ˜n : M|G|(ce,nAce,n)→ dn(A⋊α G)dn the restriction of ρn to the C*-subalgebra M|G|(ce,nAce,n).
Let ǫ > 0. By equations (8) and (9) we can choose n large enough such that
‖d2n(auk)d2n − auk‖ <
ǫ
|G|2 + 1 ,
‖cg,n(auk)c∗h,n − δg,khce,nαg−1(a)ce,n)‖ <
ǫ
|G|2 + 1 ,
for all auk ∈ F and g, h ∈ G. It follows that
‖ρ˜n(
∑
g∈G
(ce,nαg−1(a)ce,n)⊗ fg,k−1g)− auk‖ = ‖
∑
g,h∈G
δg,khρn((ce,nαg−1(a)ce,n)⊗ fg,h)− auk‖
≤ |G|
2
|G|2 + 1ǫ+ ‖
∑
g,h∈G
ρn((cg,naukc
∗
h,n)⊗ fg,h)− auk‖
=
|G|2
|G|2 + 1ǫ+ ‖
∑
g,h∈G
(c∗g,ncg,naukc
∗
h,nch,n)− auk‖
=
|G|2
|G|2 + 1ǫ+ ‖d
2
naukd
2
n − auk‖
< ǫ.
This shows that dist(x, Im(ρ˜)) < ǫ for all x ∈ F . 
5. Permanence properties
In this section we show that several classes of C*-algebras are closed under crossed products by
finite group actions with the Rokhlin property.
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Lemma 9. Let A and let B be C*-subalgebra of A. Let 0 < ǫ < 1. Suppose that a ∈ A is a
positive contraction and b ∈ B is such that ‖b− a‖ < ǫ. Then
‖b− (a∗a) 12 ‖ < 2ǫ.
Proof. By the triangle inequality we have
‖b2 − a∗a‖ ≤ ‖b(b− a))‖+ ‖(b− a)∗a‖ ≤ (1 + ‖b‖)ǫ < (2 + ǫ)ǫ < 2ǫ.
Hence, by [7, Lemma 1] we get
‖b− (a∗a) 12‖ <
√
2ǫ
1
2 < 2ǫ.

Definition 3. Let C be a class of C*-algebras. A C*-algebra A is called a local C-algebra if for
every finite subset F ⊂ A and every ǫ > 0 there exist a C*-algebra B in C and a *-homomorphism
φ : B → A such that dist(x, φ(B)) < ǫ for all x ∈ A. When A is a unital C*-algebra and the
C*-algebras in C and the *-homomorphisms φ are unital the C*-algebra A is called unital local
C-algebra. We say that C is closed under local approximation if every local C-algebra (separable if
the C*-algebras in C are separable) belongs to C.
Note that any C*-algebra that is a direct limit of C*-algebras in C is a local C-algebra. Also, if C˜
denotes the class of C*-algebras consisting of the unitization of the C*-algebras in C and A˜ denotes
the unitization of A, then A˜ is a unital local C˜-algebra whenever A is a local C-algebra. Similarly,
if Cs denotes the class of C*-algebras consisting of the stabilization of the C*-algebras in C, then
A⊗K is a local Cs-algebra.
Lemma 10. Let C be a class of C*-algebras such that if B is a C*-algebra in C and J is a closed
two-sided ideal of B then J is in C. Let A be a local C-algebra and let I be a closed two-sided ideal
of A. Then I is a local C-algebra.
Proof. Let C, A, and I be as in the statement of the lemma. Let ǫ > 0 and let F = {a1, a2, · · · , an}
be a finite subset of I. Since every element of I is a linear combination of four positive contractions
we may assume that the elements of F are positive contractions. Using Lemma 9 and that A is
a local C-algebra we may choose a C*-algebra B ∈ C, a *-homomorphism φ : B → A and positive
elements b1, b2, · · · , bn such that
‖ai − φ(bi)‖ < ǫ,
for all 1 ≤ i ≤ n. By [19, Lemma 2.2] there exist elements di ∈ A, with 1 ≤ i ≤ n, such that
φ((bi − ǫ)+) = d∗i aidi ∈ I,
for all 1 ≤ i ≤ n. Let J denote the preimage by φ of I. Then J is a closed two-sided ideal of B
and thus, it belongs to C. Also, by the previous equalities we have that (bi − ǫ)+ ∈ J . The lemma
now follows using that
‖ai − φ((bi − ǫ)+)‖ ≤ ‖ai − φ(bi)‖+ ‖φ(bi)− φ((bi − ǫ)+)‖ < ǫ+ ǫ = 2ǫ,
for all 1 ≤ i ≤ n. 
Recall that a 1-dimensional noncommutative CW-complex ([10, Definition 2.4.1]), or shortly a
1-dimensional NCCW-complex, is a C*-algebra A that can be written as a pullback diagram of the
form
A

// E
φ

C([0, 1], F )
ρ
// F ⊕ F
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where E,F are finite dimensional C*-algebras, φ is an arbitrary ∗-homomorphism, and ρ is given
by evaluation at 0 and 1. In contrast to [10, Definition 2.4.1], the maps φ and ρ are not assumed to
be unital. Special cases of 1-dimensional NCCW-complexes are interval algebras (i.e., algebras of
the form C([0, 1], E), where E is a finite dimensional C*-algebra), and circle algebras (i.e., algebras
of the form C(T, E), where E is a finite dimensional C*-algebra). Direct limits of sequences of
interval algebras are called AI-algebras whereas direct limits of sequences of circles algebras are
called AT-algebras.
Proposition 6. The following classes of C*-algebras are closed under local approximation:
(i) Purely infinite C*-algebras;
(ii) C*-algebras of stable rank one;
(iii) C*-algebras of real rank zero;
(iv) C*-algebras of nuclear dimension at most n, where n ∈ Z+;
(v) Separable D-stable C*-algebras, where D is a strongly self-absorbing C*-algebra;
(vi) Simple C*-algebras;
(vii) Separable C*-algebras whose quotients are stably projectionless;
(viii) Simple stably projectionless C*-algebras;
(ix) C*-algebras that are stably isomorphic to direct limits of sequences of C*-algebras in a class
S, where S is a class of finitely generated semiprojective C*-algebras that is closed under
taking tensor products by matrix algebras over C.
(x) Separable AF-algebras;
(xi) C*-algebras that are stable isomorphic to AI-algebras;
(xii) C*-algebras that are stable isomorphic AT-algebras;
(xiii) C*-algebras that can be expressed as a sequential direct limit of 1-dimensional NCCW-
complexes;
(xiv) Separable C*-algebras with almost unperforated Cuntz semigroup;
(xv) Simple C*-algebras with strict comparison of positive elements.
(xvi) Separable C*-algebras whose closed two-sided ideals are nuclear and satisfy the Universal
Coefficient Theorem.
Proof. In [19, Proposition 4.18], [31, Theorem 5.1], [4, Proposition 3.1], and [41, Proposition 2.3] it
is shown that the classes of C*-algebras described in first four parts of the proposition are closed
under taking arbitrary direct limits of sequences. The proofs that these classes of C*-algebras are
closed under local approximation are essentially the same; thus, we will omit them.
(v) Let C be the class of D-stable C*-algebras and let A be a local C-algebra. Let F ⊂ A and
G ⊂ D be finite subsets and let ǫ > 0. By Lemma 6 it is enough to show that there exists a
completely positive contractive map ρ : D → A satisfying (i), (ii), and (iii) of Lemma 6. Without
loss of generality we may assume that the elements of G are contractions.
Given that A is a local C-algebra, there exist a D-stable C*-algebra B and a *-homomorphism
φ : B → A such that dist(a, φ(B)) < ǫ3 , for all a ∈ F . Now we can choose a finite subset F˜ ⊂ B
satisfying dist(a, φ(F˜ )) < ǫ3 for all a ∈ F . By Lemma 6 applied to the finite subsets F˜ ⊂ B and
G ⊂ D, and to ǫ3 , there exists a completely positive contractive map ψ : D → B such that
‖bψ(1D)− b‖ < ǫ
3
, ‖bψ(d) − ψ(d)b‖ < ǫ
3
, ‖b(φ(dd′)− φ(d)φ(d′))‖ < ǫ
3
,(10)
for all b ∈ F˜ and d, d′ ∈ G. Put ρ = φ ◦ ψ. Then ρ is a completely positive contraction. For
each a ∈ F choose b ∈ F˜ such that ‖a − φ(b)‖ < ǫ3 . Then using the triangle inequality and the
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inequalities in (10) we get
‖aρ(1D)− a‖ ≤ ‖(a− φ(b))ρ(1D)‖+ ‖φ(b − ψ(1D)b)‖ + ‖φ(b)− a‖ < ǫ,
‖aρ− ρ(d)a‖ ≤ ‖(a− φ(b))ρ(d)‖ + ‖φ(bψ(d) − ψ(d)b)‖ + ‖ρ(d)(a − φ(b))‖ < ǫ,
‖a(ρ(dd′)− ρ(d)ρ(d′))‖ ≤ ‖(a− φ(b))(ρ(dd′)− ρ(d)ρ(d′))‖+ ‖φ(b(ψ(dd′)− ψ(d)ψ(d′)))‖ < ǫ,
for all d, d′ ∈ G. This implies that ρ satisfies (i), (ii), and (iii) of Lemma 6. Therefore, A is D-stable
by Lemma 6.
(vi) Let C be the class of simple C*-algebras and let A be a local C-algebra. Let a1, a2 ∈ A be
positive elements of norm one and let 0 < ǫ < 12 . Then there exist a simple C*-algebra B and a
*-homomorphism φ : B → A such that dist(ai, φ(B)) < ǫ for i = 1, 2. Choose elements b1, b2 ∈ B
such that ‖ai − φ(bi)‖ < ǫ for i = 1, 2. Note that by Lemma 9 we may assume that b1 and b2 are
positive. Also, (φ(b2) − ǫ)+ is nonzero as ǫ < 12 and ‖a2‖ = 1. By [19, Lemma 2.2] there exist
di ∈ A, with i = 1, 2, such that
(a1 − ǫ)+ = d∗1φ(b1)d1, (φ(b2)− ǫ)+ = d∗1a2d1.
This implies that [(a1 − ǫ)+] ≤ [φ(b1)] and [(φ(b2) − ǫ)+] ≤ [a2] in Cu(A). Since B is simple,
[b1] ≤ supn n[(b2 − ǫ)+] in Cu(B). Hence,
[(a1 − ǫ)+] ≤ [φ(b1)] = Cu(φ)([b1]) ≤ sup
n
nCu(φ)([(b2 − ǫ)+]) = sup
n
n[(φ(b2)− ǫ)+] ≤ sup
n
n[a2],
in Cu(A). This implies that (a1 − ǫ)+ is in the closed two-sided ideal generated by a2. Since this
holds for every ǫ > 0 and a = limǫ→0(a1 − ǫ)+, a1 is also an element of this ideal. Using now that
a1 and a2 are arbitrary we get that A is simple.
(vii) Let C be the class of separable C*-algebras B such that for every closed two-sided ideal I of
B, B/I ⊗ K is projectioneless. Let A be a local C-algebra. By the remarks after Definition 3, and
[36, Corollary 2.3 part (i)] we may assume that A and all the algebras in C are stable. Let I be an
ideal of A and let π : A → A/I denote the quotient map. Suppose that there exists a projection
p ∈ A/I with p 6= 0. Choose a positive element a ∈ A such that π(a) = p. Since A is a local
C-algebra, there exist a C*-algebra B ∈ C, a *-homomorphism φ : B → A, a positive element a′ ∈ A
(here we are also using Lemma 9) such that
‖φ(b) − a‖ < 1
4
.
By passing to the quotient of B by the kernel of φ and using that this quotient is projectionless
we may assume that φ is injective. Put J := φ−1(I). Then J is a closed two-sided ideal of B and
φ induces an injective *-homomorphism φ : B/J → A/I. Let b′ be the image of b in B/J . Then
using that ‖φ(b)− a‖ < 14 we get
‖φ(b′)− p‖ < 1
4
.
This implies that φ(b′) has gap in its spectrum by [34, Lemma 2.2.3]. Hence, by functional calculus
φ(B/J) contains a nonzero projection. Using that φ is injective we get that B/J contains a nonzero
projection, which contradicts the fact that B/J is projectionless. Therefore, A belongs to C.
Note that the proof above (with some minor modifications) also works for the class of (not
necessarily separable) simple stably projectionless C*-algebras. Hence, the class in (viii) is closed
under local approximation.
(ix) Let C and S be the classes of C*-algebras described in (ix). Let A be a separable local
C-algebra. It suffices to show that A ⊗ K can be expressed as a direct limit of a sequence of C*-
algebras in S. Since A is a local C-algebra, A⊗K is a local Ss-algebra, where Ss = {B⊗K : B ∈ S}.
It follows that A⊗K can be locally approximated by C*-algebras of the form Mn(B), where B ∈ S
and n ∈ N (note that by [21, Theorem 14.2.2] each of the algebras Mn(B) is semiprojective). This
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implies that A ⊗ K is a S-algebra, given that S is closed by taking tensor products with matrix
algebras over C. It follows now by [10, Lemma 2.2.5] and [21, Lemma 15.2.2] that A⊗K is a direct
limit of a sequence of C*-algebras in S.
Parts (x), (xi), (xii), and (xiii) are a consequence of (ix), by taking S to be the class of finite
dimensional C*-algebras, the class of interval algebras, the class of circle algebras, and the class
of 1-dimensional NCCW-complexes, respectively. Each of these algebras are semiprojective and
finitely generated by [10, Lemma 2.4.3 and Theorem 6.2.2]. The fact that separable AF-algebras
are closed under local approximation was first proved in [2, Theorem 2.2] using a different method.
(xiv) Let C be the class of separable C*-algebras with almost unperforated Cuntz semigroup. Let
A be a local C-algebra. Note that if Cs denotes the class of C*-algebras consisting of the stabilization
of the algebras in C, then A⊗ K is a local Cs-algebra. Therefore, using that the Cuntz semigroup
is a stable functor, we may assume that A and all the algebras in C are stable. Also, using that C
is closed under taking quotients by Lemma 5, we may assume that the *-homomorphisms used in
the approximation of A by algebras in C are injective (here we are using that all the algebras in C
are separable; thus, all their closed two-sided ideal are σ-unital).
Since A is stable, it is enough to show that, for a, b ∈ A, if (n + 1)[a] ≤ n[b] then [a] ≤ [b]. Let
a, b ∈ A+ be such elements. Then it follows that
a⊗ 1Mn+1 - b⊗ 1Mn .
Let ǫ > 0. Then by (ii) of Lemma 3 there exists δ > 0 such that
(a− ǫ)+ ⊗ 1Mn+1 - (b− δ)+ ⊗ 1Mn .
By the definition of Cuntz subequivalence, there exists d ∈Mn+1(A) such that
‖(a− ǫ)+ ⊗ 1Mn+1 − d∗((b− δ)+ ⊗ 1Mn)d‖ < ǫ.
Using now that A is a local C-algebra, there exist a C*-algebra B ∈ C, an injective *-homomorphism
φ : B → A, elements a′, b′ ∈ B+ (here we are also using Lemma 9) and an element d′ ∈ Mn+1(B)
such that
‖a− φ(a′)‖ < ǫ, ‖b− φ(b′)‖ < δ,
‖(φ⊗ 1Mn+1)
(
(a′ − ǫ)+ ⊗ 1Mn+1 − (d′)∗((b′ − δ)+ ⊗ 1Mn)d′
) ‖ < ǫ.(11)
Since φ is injective, it is isometric. Hence, by the last inequality we have
‖(a′ − ǫ)+ ⊗ 1Mn+1 − (d′)∗((b′ − δ)+ ⊗ 1Mn)d′‖ < ǫ,
in Mn+1(B). It follows that
(a′ − 2ǫ)+ ⊗ 1Mn+1 - (b′ − δ)+ ⊗ 1Mn
by (i) of Lemma 3. Hence, (n + 1)[(a′ − 2ǫ)+] ≤ n[(b′ − δ)+] in Cu(B). Using now that Cu(B) is
almost unperforated we get [(a′ − 2ǫ)+] ≤ [(b′ − δ)+]. By the first two inequalities in (11) and (i)
of Lemma 3 we get
(a− 3ǫ)+ - (φ(a′)− 2ǫ)+, (φ(b′)− δ)+ - b.
Therefore,
[(a− 3ǫ)+] ≤ [(φ(a′)− 2ǫ)+] = [φ((a′ − 2ǫ)+)] ≤ [φ((b′ − δ)+)] = [(φ(b′)− δ)+)] ≤ [b].
Using now that [a] = supǫ>0[(a− 3ǫ)+] we get [a] ≤ [b], as desired.
(xv) Let C be the class of simple C*-algebras with strict comparison of positive elements and
let A be a local C-algebra. Then by Lemma 4 every C*-algebra in C has almost unperforated
Cuntz semigroup. Note now that the proof of (xii) also applies for the class C and the algebra A.
The separability condition was only used to assure that the *-homomorphisms used in the local
approximation of A are injective, and this is obviously true for simple C*-algebras. Hence, it follows
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that A has almost unperforated Cuntz semigroup. Therefore, A has strict comparison of positive
elements by Lemma 4.
(xvi) Let C be the class of separable C*-algebras whose closed two-sided ideals are nuclear and
satisfy the Universal Coefficient Therem (shortly, the UCT). Let A be a local C-algebra and let
I be a closed two-sided ideal of A. Then I is a local C-algebra by Lemma 10. It follows now
by [9, Theorem 1.1] that I satisfies the UCT. That I is nuclear follows using Arveson’s extension
theorem and that I can be locally approximated by nuclear C*-algebras. 
Theorem 3. The following classes of C*-algebras are preserved under taking crossed products
with actions of finite groups with the Rokhlin property:
(i) Purely infinite C*-algebras;
(ii) C*-algebras of stable rank one;
(iii) C*-algebras of real rank zero;
(iv) C*-algebras of nuclear dimension at most n, where n ∈ Z+;
(v) Separable D-stable C*-algebras, where D is a strongly self-absorbing C*-algebra;
(vi) Simple C*-algebras;
(vii) Simple C*-algebras that are stably isomorphic to direct limits of sequences of C*-algebras
in a class S, where S is a class of finitely generated semiprojective C*-algebras that is closed
under taking tensor products by matrix algebras over C;
(viii) Separable AF-algebras;
(ix) Separable simple C*-algebras that are stably isomorphic to AI-algebras;
(x) Separable simple C*-algebras that are stably isomorphic to AT-algebras;
(xi) C*-algebras that are stably isomorphic to sequential direct limits of one-dimensional NCCW-
complexes;
(xii) Separable C*-algebras whose quotients are stably projectionless;
(xiii) Simple stably projectionless C*-algebras;
(xiv) Separable C*-algebras with almost unperforated Cuntz semigroup;
(xv) Simple C*-algebras with strict comparison of positive elements.
(xvi) Separable C*-algebras whose closed two-sided ideals are nuclear and satisfy the Universal
Coefficient Theorem.
Proof. Let A be a C*-algebra and let α : G → Aut(A) be an action of a finite group G on A
with the Rokhlin property. Let S be a class of C*-algebras such that for B ∈ S, n ∈ N, and
b ∈ B+ one has Mn(A) ∈ S and bBb ∈ S. Then by Theorem 2, if A is a local S-algebra then so is
the crossed product C*-algebra A⋊α G. Given that all the classes of C*-algebras described in the
theorem are closed under local approximation by Proposition 6 and under tensor product by matrix
algebras, it is sufficient to show that they are closed under taking σ-unital hereditary subalgebras.
This clearly holds for the classes of C*-algebras in (vi), (vii), (ix), (x), (xii), and (xiii) (here we
are using [3, Theorem 2.8]). For the classes in (i), (iii), (iv), (v), (viii), and (xvi) this follows by
[19, Proposition 3.15(iii)], [4, Corollary 2.8], [41, Propostion 2.5], [40, Corollary 3.1], [11, Theorem
3.1], and [34, Propositions 2.1.2(ii) and 2.4.7(iii)], respectively. For the class of C*-algebras in (xiv)
this follows using [3, Theorem 2.8] and [16, Proposition 2.3]. For the class of C*-algebras in (xv)
this holds by (xiv) and [39, Lemma 6.1]. Finally, for the class of algebras in (xi) this follows by
the following argument. Let B be a hereditary C*-subalgebra of a C*-algebra A that is stably
isomorphic to a direct limit of a sequence of 1-dimensional NCCW-complexes. Then B ⊗ K is
isomorphic to an ideal of A ⊗ K by [3, Theorem 2.8]. It follows that B ⊗ K is the direct limit of
a sequence of ideals of 1-dimensional NCCW-complexes. Each of these ideals is a direct limit of a
sequence of 1-dimensional NCCW-complexes by [37, Lemma 3.11]. Hence, B ⊗ K can be locally
approximated by 1-dimensional NCCW-complexes. This implies by Proposition 6 that B ⊗ K is
21
a direct limit of a sequence of such algebras. Therefore, B belongs to the class of C*-algebras in
(xi). 
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